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Abstract
The continuous mappings on 2 × 2 real symmetric or complex hermitian matrices that are
spectrum and commutativity preserving are characterized.
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The area of the so-called (linear) preserver problems has attracted a lot of research
interest in the last few decades. The mapping φ, possibly linear or additive, defined
on some matrix or operator algebra can preserve a relation, a set, or a function. The
properties of preserving rank, spectrum or commutativity can be viewed as classical
ones. In papers [1,2] the description of continuous mappings on some matrix algebras
(of dimension at least 3 × 3) with some preserving properties was given.
Let us continue with precise notation. Throughout this note F is fixed either as the
field of all complex numbers C, or the field of all real numbers R. Accordingly, let
Hn stands for either the real vector space of all n× n complex hermitian matrices (if
F = C), or the space of n× n real symmetric matrices (if F = R). Let σ(X) denotes
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the spectrum of X. In [1] continuous mappings φ : Hn → Hn, n  3, preserving the
spectrum (i.e., σ(φ(X)) = σ(X) for all X ∈ Hn) and commutativity (i.e., XY = YX
implies φ(X)φ(Y ) = φ(Y )φ(X)) were characterized. It turns out that φ is either
linear, or the range of φ forms a commutative set. The case n = 2 was not treated
in [1], however, an example showing that if n = 2 also other possibilities occur was
presented.
We consider continuous mappings φ : H2 → H2 which preserve spectrum and
commutativity. It is easy to see that φ is completely defined on the set of rank one
projections P. Indeed, every matrix A ∈ H2 with two distinct eigenvalues λ > µ
can be uniquely written as A = (λ− µ)P + µI for some P ∈ P. Corollary 4 in [1]
implies that
φ(A) = (λ− µ)φ(P )+ µI. (1)
If λ = µ then A = µI, and by the spectrum preserving property, φ(µI) = µI. So,
(1) is valid for all A ∈ H2.
Every member P ∈ P can be parametrized as
P = P(x) = 1
1 + |x|2
[
1 x
x¯ |x|2
]
, x ∈ F ∪ {∞} =: F∞.
We may think of F∞ as a unit sphere (one-dimensional if F = R and two-dimension-
al if F = C) which is compact. The mapping j : x → P(x) maps homeomorphicaly
F∞ onto P. As φ preserves spectrum we have φ(P) ⊆ P. This defines a function
f : F∞ → F∞ with the property
φ(P (x)) = P(f (x)), x ∈ F∞.
As j, j−1, φ are continuous, so is f.
Next, we use the commutativity preserving property. Let B be any non-scalar
matrix commuting with A, as described before (1). Then B must be of the form
B = (γ − δ)P + δI. We consider two cases:
Case 1: γ − δ > 0. We have φ(B) = (γ − δ)φ(P )+ δI and φ(B) obviously
commutes with A.
Case 2: γ − δ < 0. Writing B in the same manner as A, given before (1), we
get B = (δ − γ )(I − P)+ γ I and consequently, φ(B) = (δ − γ )φ(I − P)+ γ I.
As φ(B) commutes with φ(A) we have two possibilities: φ(I − P) = φ(P ), or
φ(I − P) = I − φ(P ).
Let
S1 =
{
x;φ(I − P(x)) = φ(P (x))},
S2 =
{
x;φ(I − P(x)) = I − φ(P (x))}.
Then apparently S1 ∩ S2 is empty and F∞ = S1 ∪ S2. An elementary computation
shows that Si, i = 1, 2, is closed. This further implies that F∞ is a disjoint union of
two closed subsets. As F∞ is connected, it follows that either S1 = ∅ or S2 = ∅.
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The straightforward computation shows that I − P(x) = P(−x¯−1) for all x ∈
F∞. So, for the function f, defined by φ(P (x)) = P(f (x)), we have two possibili-
ties:
1. φ(I − P(x)) = φ(P (x)) if and only if f (−x¯−1) = f (x).
2. φ(I − P(x)) = I − φ(P (x)) if and only if f (−x¯−1) = −f (x)−1.
We have thus proved:
Theorem 1. A continuous mapping φ : P→ P preserves commutativity if and only
if there exists a continuous function f : F∞ → F∞ such that φ(P (x)) = P(f (x))
and either
(a) f (−x¯−1) = f (x) for all x ∈ F∞, or,
(b) f (−x¯−1) = −f (x)−1 for all x ∈ F∞.
Theorem 2. Let A = tP + sI, t  0, s ∈ R, P ∈ P, be the unique spectral decom-
position of an arbitrary element of H2. The continuous mapping φ : H2 → H2 pre-
serves spectrum and commutativity if and only if φ(P) ⊆ P and φ(A) = tφ(P )+
sI for all A ∈ H2, and the restriction φ to P is characterized by Theorem 1.
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